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Let E be a reflexive Banach space with a uniformly Gateaux differentiable norm 
and let A c E x E be m-accretive. Assume that S: cl( D( A)) + E is bounded, strongly 
accretive, and continuous. For .Y E E and t > 0, let .x, be the unique solution of the 
inclusion x E Sx, + tAx,. It is proved that if there exists a nonexpansive retraction 
P of E onto cl(D(A)), then the strong lim,,,, Y exists. Moreover, it is shown that , 
if every weakly compact convex subset of E has the tixed point property for non- 
expansive mappings and 0 E R(A), then the strong lim, _ ~ x, exists and belongs to 
A-IO. An interesting application to a convergence result for an implicit iterative 
scheme is also included. (“ 1990 Academic Press. Inc. 
1. INTRODUCTION 
Let E be a real Banach space with a norm 11 ./I and let I denote the 
identity. Recall that an operator A c E x E with domain D(A) and range 
R(A) is said to be accretive if 
I/x1 -x211 5 lb, -.x2 + r(y, - h)ll 
for all y, E Ax,, i = I,2 and r > 0. An accretive operator A is said to be 
m-accretive if R(Z+ rA) = E for all r > 0. Let J, = (I+ tA)- I, t > 0, be the 
resolvent of A. It is known that (A) if E is a Hilbert space and x in E, then 
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the strong lim,, 0 J,x exists, and that (B) if, in addition, OE R(A), the 
strong lim, _ o. J,x exists and belongs to A -IO. 
Recently Reich [lo] extended result (A) to uniformly convex and 
uniformly smooth Banach spaces. 
On the other hand, result (B) was extended to a restricted class of 
Banach spaces in [S, 73. In particular, Reich [lo] also proved this result 
under the assumption that E is uniformly smooth. In [2], Bruck and Reich 
gave a theorem under the same assumption that generalized Reich’s result. 
In this paper, we establish the strong convergence theorems for accretive 
operators in reflexive Banach spaces with a uniformly Gateaux differen- 
tiable norm for the purpose of generalizing Reich’s result for the resolvent 
J,x as t -+ 0. Furthermore, we extend Bruck and Reich’s result to the same 
spaces and then apply it a new convergence result for an implicit iterative 
scheme. 
2. PRELIMINARIES 
Let E be a real Banach space and let E* be its dual. Let U = {x E E: 
llxil = 1) be unit sphere of E. The norm of E is said to be Gateaux differen- 
tiable (and E is said to be smooth) if 
lim IIX + oil - Il.4 
t-0 t 
exists for each x, y E U. It is said to be Frechet differentiable if for each 
x E U, this limit is obtained uniformly for y E U. The norm is said to be 
uniformly Gateaux differentiable if for each y E U, the limit is attained 
uniformly for x E U. The space E is said to have a uniformly Frechet dif- 
ferentiable norm (and E is said to be uniformly smooth) if the limit is 
attained uniformly for (x, y) E U x U. Since the dual E* of E is uniformly 
convex if and only if the norm of E is uniformly Frechet differentiable, 
every Banach space with a uniformly convex dual is reflexive and has a 
uniformly Giteaux differentiable norm. But there are reflexive spaces with 
a uniformly Gateaux differentiable norm that are not even isomorphic to 
a uniformly smooth space [9, p. 1491. It also follows that if E is uniformly 
convex, then E* has a Frechet differentiable norm. The converse is false. In 
fact, there are spaces E such that E has a uniformly Gateaux differentiable 
norm and E* has a Frechet differentiable norm, but is not isomorphic to 
a uniformly convex space. A discussion of these and related concepts may 
be found in [4]. 
Recall that the (normalized) duality mapping from E into the family of 
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nonempty (by Hahn-Banach theorem) weak-star compact subsets of E* is 
defined by 
J(x) = (x* E E*: (x, x*) = 11.+ = 1/.~*//2) 
for each XE E. It is well known that if E is smooth, then J is single valued. 
Let LIM be a Banach limit and let {xn} be a bounded sequence of E. 
Then we can define the real valued continuous convex function 4 on E by 
for each z E E. We also observe that if $: E -+ R is bounded, Gateaux dif- 
ferentiable, uniformly on bounded sets, then a function @: E -+ R, defined 
by Q(z) = LIM $(x,, + z), is Gateaux differentiable with Gateaux derivative 
given by (y, Q’(z)) = LIM(y, $‘(x,, + z)) for each y E E. 
Using the above facts, we prepare a lemma which will be used in 
Section 3. 
LEMMA 1. Let E be a Banach space with a uniformly Gciteaux differen- 
tiable norm and let {x,} be a bounded sequence of E. Let LIM be a Banach 
limit and u E E. Then 
if and only if 
LIM(z, J(x, - u)) = 0 
for all z E E, where J is the duality mapping of E into E*. 
ProoJ Let UE E be such that 
Then u minimizes the function 4: E + R, defined by b(z) = LIMIlx, - zl12, 
so we have d’(u)=O. Note that E is a Banach space with a uniformly 
G6teaux differentiable norm if and only if for y E E and any bounded set 
BcE, lim,,o(llx+~yl12- Ilxl12Yt exists uniformly in x E B. Thus, since J(x) 
is the subdifferential of the convex function $(x) = ~11~11~ at x as the 
G$teaux differential of $ there, we obtain 
LIM(z, J(x, - u)) = (z, d’(u)) = 0 
for all z E E. 
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We prove the converse. Let z, u E E. Then, since 
llx,-zI12- 11x,-ul12>2(u-z, J(x,-u)) 
for all n and LIM(u -z, J(x, - u)) = 0, we obtain 
LIMllx, - ~11~ = f!f, LIMllx,, - ~11~. 
3. STRONG CONVERGENCE OF x, 
Let D be a subset of E. Then we denote by cl(D) the closure of D. Recall 
that an operator A c Ex E is accretive if and only if for each X;E D(A) and 
yj~Axi, i= 1, 2, there exists j~J(x, -x2) such that (y, -y,,j)>O. A is 
called strongly accretive if for each X~E D(A) and yie Ax;, i = 1, 2, there 
exist j~.Z(xi -x2) and a constant E,>O such that (yi - y,, j)> 
Allx, -x211 2. If A is accretive, we can define, for each r > 0, the resolvent of 
A, J,: R(Z+ rA) + D(A) by J, = (I+ rA)-’ and the Yosida approximation 
of A, A,: R(Z+ rA) + E by A, = (l/r)(Z- J,). We know that A,x E A.Z,x for 
every x E R(Z+ rA) and that 1IA,xll 6 lAx[ for every XE D(A) n R(Z+ rA), 
where lAxI =inf(IIyl): YE Ax); see [l]. We also know that if D(A)c 
R(Z+ rA) for each r ~0, then A-‘0 = F(Jr), where F(J,) is the set fixed 
point of J,. 
LEMMA 2. Let E be a Banach space and let A c E x E be m-accretive. 
Assume that S: cl D(A) + E is bounded, strongly accretive, and continuous. 
Then, for each x E E and t > 0, the inclusion XE Sx, + tAx, has the unique 
solution x,. 
Proof The inclusion x E Sx, + tAx, may be rewritten as XE 
x, + t((S- Z)/t + A) x, for each XE E and t > 0. Since (S- Z)/t + A is 
m-accretive, the existence of x, follows. By the strongly accretiveness of S, 
the uniqueness of x, is obvious. 
LEMMA 3. Let E be a smooth Banach space and let A c E x E be 
m-accretive. Assume that S: cl(D(A)) -+ E is bounded, strongly accretive, and 
continuous. For x E E and t > 0, let x, be the unique solution of the inclusion 
XE Sx, + tAx,. Assume that there exist {t,} and {s,,} such that t, + 0, 
s, -+ 0, u = lim x,” and z = lim x,~. Then we have u = z. 
Proof Fix y E cl(D(A)). Then we have J: y + y as t -+ 0. From the 
accretiveness of A. 
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for all IE, so that 
LIM(x - Sx,,,, J(x,~,-~~))30 (1) 
for all J~Ec~(D(A)), where LIM is a Banach limit. Then, since 
z = lim .Y,~ E cl(D(A)), we have 
LIM(x-Sx,n, J(x,~-z)) 30 
and hence 
(x - Su, J(u - z)) = lim(x - SX,~, J(x,~ - z)) 
= LIM(x - SxI,, J(x,~ - z)) > 0. 
Similarly, we have 
(x - sz, J(z - u)) 2 0. 
Therefore (Sz- Su, J(z - u)) < 0, and since S is strongly accretive, we 
obtain I/ u - z I[* < 0 and hence u = z. 
Now we establish the strong convergence of x, as t -+ 0. 
THEOREM 1. Let E be a reflexive Banach space with a un$ormly Gciteaux 
differentiable norm and let A c E x E be m-accretive. Assume that 
S: cl(D(A)) -+ E is bounded, strongly accretive, and continuous. For x E E 
and t > 0, let x, be the unique solution x E Sx, + tAx,. If there exists a non- 
expansive retraction P of E onto cl(D(A)), then lim,,, x, exists. 
Proof Let x E E and let [u, v] E A. Since S is strongly accretive and 
(l/t)(x - sx,) E Ax,, 
211x, - ul12 5 (Sx, - su, J(x, - u)) 
=-t f(x-Sxt)-v,J(x,-U) ( > +(X-su-tv,J(x,-u)) 
5 (lb- WI + tllvll) lb, - ull 
for some A>0 and hence IIx,--u11 5 (1/2)(11x-Suil + tllull) for some i>O. 
That is, {x,} is bounded as t + 0. Let t, --+ 0 and denote x,” by x,. Then 
for a Banach limit LIM, we define a real valued function C$ on E by 
d(z) = LIMljx,, -zll* 
for each z E E. Let K= {U E E: d(u) = inf{&z): z E E} }. Then K is non- 
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empty, closed, convex, and bounded. Furthermore, K n cl(D(A)) # 0. In 
fact, let u E K. Then since Px, = x,, we have 
,j(Pu)=LIMIlx,-Pu/l* 
=LIMIIPx,-Pull’ 
<LIMllx,-ul12=$(u) 
and hence Pue Kn cl(D(A)). Let UE Kn cl(D(A)). Then, from (1) in the 
proof of Lemma 3, we have, on the one hand, 
LIM(x-Sx,,J(x,-y))>O (2) 
for all v~cl(D(A)). By Lemma 1, we have, on the other hand, 
LIM(x - Su, J(x, - u)) = 0. (3) 
From (2) and (3), we obtain 
LIM(Sx, - So, J(x, - 0)) < 0 
and, since S is strongly accretive, 
Thus there exists a subsequence {xnk} of {x,,} such that tnk + 0 and 
lim, -+ oo xnk = a, and the result follows from Lemma 3. 
We recall that (I) if E is a reflexive and strictly convex Banach space 
and A c E x E is m-accretive, then there exists a nonexpansive retraction 
P of E onto clco(D(A)), the closed convex hull of the domain of A 
[7, Theorem 2.31. (II) If E is a Banach space that E* has a Frechet dif- 
ferentiable norm and A c E x E is m-accretive, then cl(L)(A)) is convex 
[9, p. 1601. 
Using the above two facts and Theorem 1, we obtain the following 
improvement of [ 10, Theorem 51. 
THEOREM 2. Let E be a Banach space. Assume that E has a uniformly 
Gdteaux differentiable norm and that E* has a Frichet differentiable norm. 
If A c E x E is m-accretiue, then for each x E E, lim, _ 0 J,x exists. 
Proof. Putting S = Z in Theorem 1, we have x, = J,x for each x E E. 
Therefore by (I), (II) and Theorem 1, we obtain the desired result. 
Remark 1. The Hilbert space case of this result is well known [3]. The 
weak convergence results outside Hilbert space are found in [6, 71. We 
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emphasize, however, that the result is not true in all Banach spaces (see [9. 
p. 1661). 
COROLLARY 1 [lo]. Let E he a Banach space that is both urt~fbrml~~ 
convex and uniformly smooth. [f’ A c E x E is m-accretive, then for each 
.X E E, lim, _ 0 J,x extsts. 
We now turn to the behavior of X, as t -+ m. 
LEMMA 4. Let E be a Banach space and let A c E x E be m-accretive. 
Assume that S: cl(D(A)) + E is bounded, strongly accretive, and continuous. 
Let x, be the unique solution of the inclusion XE Sx, + tAx, ,for x E E-and 
t > 0. 
(I) If there exists {t,,} + CC and y = lim,, _ r, xrn, then y E A ‘0. 
(II) If E is smooth and there exists {t,} and {s,,} such that t,, -+ CC, 
s,,+ co, y=lim,,,, xt,, and z=lim,,, x,~~, then y=z. 
Proof (I) Let r > 0. Since y = lim, _ 3c x,~ and hence (x,,) is bounded, 
we have 
IIJfxr, - x,J G rlAX,,l G rll (x - Sx,Jt,lI -, 0 
as t, + co. Then we have Jf y = y and hence y E A ‘0 = F(.Z,A). 
(II) Since z E A ~ ‘0 and A is an accretive operator, we have 
( sx,n - x, J(X& - z)) 6 0 
and hence (S - x, J( y - z)) 6 0. Similarly, we have (Sz - x, J(z - y)) < 0. 
Therefore (Sy - Sz, J( y -z)) d 0, and since S is strongly accretive, we 
obtain /I y - ~11’ 6 0 and hence y = z. 
Recall that a closed convex subset C of E is said to have the fixed point 
property for nonexpansive mappings if every nonexpansive mapping of C 
into itself has a fixed point in C. It is well known that every weakly com- 
pact convex subset of a uniformly smooth Banach space has the fixed point 
property for nonexpansive mappings (cf. [ 111). 
The following theorem generalizes Bruck-Reich’s result [2]. 
THEOREM 3. Let E be a reflexive Banach space with a uniformly Gciteaux 
differentiable norm and let A c E x E be m-accretive. Assume that every 
weakly compact convex subset of E has the fixed point property for non- 
expansive mappings, and that S: cl(D(A)) + E is bounded, strongly accretive, 
and continuous. For x E E and t > 0, let x, be the unique solution of the inclu- 
sion x E Sx, + tAx,. Zf 0 E R(A), then lim, - oc x, exists and belongs to A--- ‘0. 
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Proof: Fix a point x E E and Y > 0. Let t, + cc and denote x,~ by x,. If 
WEE’O, then (Sx,-x,J(x,,-w))<O, illx,-wl1261/ISw-xll 11x,-wll 
for some ,! > 0, and hence {xn} is bounded. Therefore we have 
II (x - ~x,Y~,II + 0 and 
lIJ;x,-xx,I/ drlAx,l <rlI(x-Sx,)lt,ll +o 
as t,, + co. Let LIM be a Banach limit and define a real-valued function ~,6 
on E by 
for each z E E. Since q5 is continuous, convex, and d(z) + cc as I(zJI ---f co, 
while E is reflexive, 4 attains its intimum over E. Let 
K= {UE E: q5(u)=inf{$(z): z~E}j. 
Then K is invariant under J:‘. In fact, since liJ:‘x,, - x,II + 0 as n -+ co, we 
have that for each u E K, 
~(J;~u)=LIMI~x,-J~u~~~ 
=LIMIIJ,Ax,-&“uI~~ 
< LIMIlx, - ull’= /j(u). 
Furthermore, it follows that K is nonempty, bounded, closed, and convex. 
So, by the hypothesis, there exists a fixed point v of Jf in K. Since 
WA-‘O=F(J;), we have, on the one hand, 
(S-Y,-xx, J(x,-v))bO 
for all n and hence 
LIM(Sx, -x, J(x,, -II)) < 0. (4) 
Since v E K, we have, on the other hand, from Lemma 1 that 
LIM(x - So, J(x, - v)) = 0. (5) 
From (4) and (5), we have 
LIM(Sx, - Su, J(x,, - v)) < 0, 
and, since S is strongly accretive, 
409 147 :1-3 
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Thus there exists a subsequence (x,~~ >of {x,, } such that zr = lim, - ~ .Y,?~. 
and the result follows from Lemma 4. 
COROLLARY 2 [Z]. Let E be a uniformly smooth Banach space and let 
A c E x E be m-accretive. Assume that S: cl(D(A)) -+ E is bounded, strongly 
accretive and continuous. For x E E and t > 0, let x, he the unique solution oj 
the inclusion x E Sx, + tAx,. Jf 0 E R(A), then lim, j 7 x, exists and belongs to 
A-IO. 
The following result improves upon [ 10, Theorem 11. 
COROLLARY 3. Let E be a reflexive Banach space with a untformly 
Gciteaux differentiable norm and let A c E x E be m-accretive. Assume that 
every weakly compact convex subset of E has the fixed point property ,for 
nonexpansive mappings. If 0 E R(A), then for each x E E, lim, _ 7 J,x exists 
and belongs to A - ‘0. 
Proof Putting S = I in Theorem 3, we can obtain the desired result. 
4. APPLICATION 
In this section we consider the implicit iterative scheme 
x,+1 - x, + h n+l(Y,,+,+P,,+,~x,+,)=w,+l, n 3 0, (6) 
;+ez;: :,“p {P,> and (h,I are positive sequences such that {p,> 
f Pnhn=m and ,,‘i% (p,~,/pn-l)/(pnh,)=O, 
n=l 
and the errors {w,} satisfy either 
lim w,/( pn h,) = 0. 
n-roz 
The following result is found in [S]. 
PRop03T10~ 1. Let A c E x E be accretive with OE R(A) and let S be 
bounded and strongly accretive. Suppose that for each t > 0, there is v, in 
D(A) such that 0 E Sv, + tAv, and lim, _ 5 v, exists. Zf {x,} satisfies (6), then 
lim,, + m x, exists and equals lim,, m v,. 
Combining Theorem 3 and Proposition 1, we have a new strong 
convergence result for an implicit iterative scheme. 
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THEOREM 4. Let E be a reflexive Banach space with a uniformly Gateaux 
differentiable norm, let A c E x E be m-accretive, and let S: cl(D(A)) + E 
be bounded, strongly accretive, and continuous. Assume that every weakly 
compact convex subset of E has the fixed point property for nonexpansive 
mappings. Zf 0 E R(A), then for each x0 in E, a sequence {x,,} defined by (6) 
converges strongly to a zero of A. 
Remark 2. Theorem 4 applies to all uniformly smooth Banach spaces 
and, in particular, to all Lp spaces, 1 < p < co. 
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